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A recently developed theory linking passivity with the second law of thermodynamics
was used to develop a robust control design methodology for process systems with states
distributed in time and space. Asymptotic stabilization of the infinite dimensional state
thus can be accomplished for convection—diffusion processes with nonlinear produc-
tion terms. Two examples representative of these phenomena were considered: chemical
reactors and thermal treatments induced by electromagnetic fields. The first case shows
how mixing and reactor size are critical control design parameters. If mixing is complete,
at least in some direction, exponential stabilization can be achieved by high gain con-
trol. If not, stabilization is still possible for reaction domains smaller than a critical
volume. In the second case, the electromagnetic field power supplied can always be
manipulated to preserve passivity for any domain size. Two important consequences are
that the infinite dimensional state can be reconstructed at arbitrary precision by robust
observers and that control of the energy inventory will suffice to provide asymptotic
stabilization. Theoretical justification of these findings is given on a general framework

Passive Control Design for Distributed Process

and illustrated through simulation experiments.

Introduction

The control of distributed process systems (DPS) has re-
ceived considerable attention over the years from both the
theoretical and application points of view [see Ray (1978) and
Balas (1982), or the more recent reviews by Lasiecka (1995)
and Christofides and Daoutidis (1997a)]. A number of pro-
cesses in the chemical industry, such as reactors or separa-
tion units, can be considered as infinite dimensional systems,
this being particularly true when the operation is carried out
on short time scales. Interesting case studies can be found in
both the food industry and materials technology. Examples of
these processes include extrusion and thermal processing by
steam (sterilization, pasteurization, etc.), electric fields (ohmic
heating), and microwave processing.

The main difficulty associated with the control of DPS de-
rives from the fact that only a finite number of actuators and
sensors are available to keep the infinite dimensional state
under control. Thus most efforts have been directed at devel-
oping efficient state reconstruction techniques and compact
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system descriptions to be used in control design. Different
lumping techniques and observers for parabolic systems were
discussed by, among others, Cooper et al. (1986) and Dochain
et al. (1992, 1997). Gay and Ray (1995) used results from
integral theory to reconstruct kernels of parabolic operators
and applied them to control temperature in a metallurgical
heating process. Chen and Chang (1992) proposed the use of
spectral decomposition techniques to develop reduced-order
models for diffusion—convection nonlinear processes by ex-
ploiting the time-scale separation property of elliptic opera-
tors. Based on that model, a smooth nonlinear feedback was
induced to improve the dynamic response of the process. This
concept was extended by Christofides and Daoutidis (1996,
1997b) and Christofides (1998) to develop stabilizing finite
dimensional nonlinear controllers for distributed systems.
Recently, Shvartsman and Kevrekidis (1998) demonstrated
the effectiveness of linear control methods to stabilize limit
cycles in a diffusion—reaction system.

From a different perspective, Alonso and Ydstie (1996) and
Ydstie and Alonso (1997) showed the possibility of robust
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stabilization of distributed systems with convection, diffusion,
and reaction, by means of very simple control structure that
do not require detailed information about the system dynam-
ics. The basic ingredient of this theory is the second law of
thermodynamics which, by ensuring dissipation, keeps the
state (the field) bounded (Ydstie and Alonso, 1997). In addi-
tion, convergence to stationary states can be guaranteed, pro-
vided the system is passive in the sense of systems theory.
Passivity is the main tool used by Sepulchre et al. (1997) in
the context of nonlinear finite dimensional systems to de-
velop a constructive approach to control design. It implies
the existence of a storage function V, bounded from below
and dependent on the state that for each time interval t [t,t
+ 7] satisfies

V(t+r) -Vt < [ s(ty s, (1)

where s = yTw is known as the supply, y are the outputs (or
measurements), and w the inputs or manipulated variables.
Under this condition, control design reduces to finding ap-
propriate mappings w = ¢(y), with ¢ chosen such that
y'o(y) < 0. Some additional conditions will then ensure that
V, and therefore the state, will converge. This is so provided
y can be measured and a function ¢ can be constructed. In
finite dimensional systems, passivity formalism gained popu-
larity for the simplicity and robustness of the resulting con-
trol structures (Sira-Ramirez, 1998). Applications include the
control and observation of electromechanical systems (Ortega
et al., 1998; Fossen and Strand, 1999) and chemical reactors
(Sira-Ramirez, 1998). In the context of chemical plants, pas-
sivity was combined with thermodynamics to construct stabi-
lizing mass and energy inventory controllers (Farshman et al.,
1998) and to derive general structural stability conditions for
separation networks (Hangos et al., 1999).

Unfortunately, the logic just described is far more difficult
to apply to the systems we are considering in this article. First,
y is now infinitely dimensional and cannot be measured ev-
erywhere. Second, w might be finite dimensional, which raises
difficulties in the search of appropriate functions ¢ compati-
ble with the control objectives (usually associated with the
control of the complete, infinite dimensional, state). In order
to make inequality 1 suitable for the analysis of infinite di-
mensional systems, supply for passive systems will be defined
as

s=<Yy,W> =/:Vyde’\?,

)

where V stands for the volume of the domain. This modifi-
cation generalizes the standard definition to allow infinite di-
mensional input—output sets to be included. For nondis-
tributed measurements and actuators, supply reverts to the
previous definition. In this article, inequalities of the form of
Eqg. 1 will be shown to exist for a general class of distributed
process systems. Representative examples of this class in-
clude tubular reactors and thermal processes where energy is
supplied by electric or electromagnetic fields. The storage we
employ derives from the second law of thermodynamics as
proposed by Ydstie and Alonso (1997). For completeness, its
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definition and properties are presented in the Appendix. On
this basis, passivity and exponential stabilization will be es-
tablished as a function of a reduced number of design param-
eters. These include the volume of the domain, and the
transfer and production rates of chemical species and energy.
The proposed passivity framework is used to design simple
observation and control schemes that will ensure exponential
convergence of the field to a preselected reference. For dis-
tributed inputs, stabilization can be achieved through high
gain control. When this is not the case, exponential conver-
gence can still be induced by controlling the inventory of the
system.

The article is outlined as follows: process description and
assumptions will be discussed in the next section. Next, we
present the fundamental result establishing conditions under
which the class of systems considered becomes passive. Its
consequences for controller design will be described. Finally,
these ideas will be illustrated with some representative exam-
ples, such as tubular reactors and microwave thermal pro-
cessing.

Distributed Process Systems: Description and
Assumptions

The systems we examine in this article are those that sat-
isfy conservation principles for mass energy and momentum.
These properties will be grouped into an n-dimensional vec-
tor z that will be referred to as the field. Each element of
this vector will be considered a function of time and space
obeying equations of the form

z,+V(vz+J)=0(z,u)

®)

on a compact 3-dimensional spatial domain ¥ with smooth
boundary ®. In Eq. 3, both convective and diffusive fluxes
are considered, v being the fluid velocity field and J a vector
of dispersive fluxes for energy and chemical species. We as-
sume that momentum is decoupled from the rest of the field
so that v is only a function of the position coordinates. The
term o defines the production of heat or particular chemical
species being formed or disappearing by chemical reaction.
The elements of the production term will be, in general, non-
linear functions of the field itself and possibly of some func-
tion u(p, t) (p denoting spatial coordinates) with a physical
meaning that will become clear later on. Diffusive fluxes are
assumed to obey Onsager-type relationships of the form (de-
Groot and Mazur, 1962)

I=L(2)X (4)

X=VA=M(z)Vz. (5)
Matrix L(z) includes diffusion /dispersion coefficients associ-
ated with the properties contained in z. In Eq. 4 and 5 X is
known in irreversible thermodynamics as the vector of ther-
modynamic forces [see, for instance, Jou et al., (1993)]. This
term is related to the field z through its dual representation
A. Physically, A represents the set of intensive properties such
as temperature and chemical potentials, associated with the
set of densities for energy and mol numbers. Duality implies
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a one-to-one map between both representations and is justi-
fied by the fact that the entropy density of the system s(z) is
a strictly concave function of the field (Callen, 1985). From
the Gibbs-Duhem relation, it follows that the intensive prop-
erties are the partial derivatives of the entropy function with
respect to the elements of the field, that is, A= 4d,s. Conse-
quently, matrix M can be written as

d°%s

92,07

M(z) = <0. (6)

The boundary ®& is assumed to be partitioned into a number
of sets of positive measure I, I', and I such that ® =T, U
I'uT”. T, refers to that part of the boundary through which
material flows with velocity » (convective flow). This bound-
ary will be divided into two disjoint sets I and T, accord-
ing to the following inequalities

v-n(I'y)<0 ©)
v-n(Iy) =0, ®

where n(T}) is a unit vector associated to I; and pointing out-
wards. Equations 7 and 8 define that part of the boundary
where material flows enter and leave, respectively. Second-
order boundary conditions of the form

dA
== h[ A= ()] (9)

are considered on T', with (1) being an arbitrary function of
time that can be used for manipulation. Finally, T denotes
that region of the boundary through which no mass or energy
fluxes cross, thus

Al 10
Mg =0 (10)

Since we want to control the class of systems just described
with respect to a stationary reference field z*, we rewrite Eq.
3 in deviation form with respect to the reference, so that

,+V(vz+J)=7, (11)

where the overbar notation stands for deviations from the
stationary reference. Boundary conditions on ® then be-
come

z=0 on I (12)
dA 0 I’ 13
ngy =0 on (13)
and
dA h(A-7 14
nm =—h(A-7) (14)
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on I'. For stability purposes, we restrict the class of possible
control actions 7 to those satisfying an inequality of the form

-k, ATA< ATF(t) < -k, ATA (15)

for some arbitrary constants ki, k, > 0. Note that this condi-
tion reduces the type of input functions 7 to either 77 =0 or
those inducing negative feedback in the system.

The following structures for the production o are consid-
ered:

o(z,u)=g(2)+uy(p,t) (16)
o(z,u)=9(2)uy(1), €]

where g(z) is a nonlinear function of the field and u,(p, t),
u,(t) are functions that can be manipulated externally. In Eq.
16, u; can depend on the spatial coordinates p and time,
while u, in Eq. 17 is assumed to depend exclusively on time.
The structures selected are representative of interesting dis-
tributed parameter systems we intend to control in a robust
way. For instance, Eq. 16 can be used in tubular chemical
reactors to describe reaction rate or heat of reaction. In the
first case, u, would represent the addition of chemical com-
ponents, while in the second case, it should be interpreted as
the rate of heat exchanged (both quantities taken along the
axial direction). It is noted that in order to be able to manip-
ulate u, externally, a mixing condition in the radial direction
must be satisfied. Equation 17 is employed to describe the
rate of heat dissipated by electric or electromagnetic fields
such as ohmic or microwave heating. In this case u,(t) must
be interpreted as the electric/electromagnetic power sup-
plied and g(z) as a nonlinear function describing the local
effect of that field on the system. Relevant examples of this
class can be found in, among areas, food processing and ma-
terials technology (see, for instance, Fukushima et al., 1990;
Ayappa et al., 1991; Beale and Li, 1997). The structure of the
production terms—Egs. 16 and 17—motivates the following
classification.

Type 1 Systems. Given a reference uf and z* € Z*, the
production (Eg. 16) around (u¥, z*) takes the form

7=[9(2)— 9(z*)]+u —uf. (18)

Type 2 Systems.  Given a reference u%, z* € Z*, the pro-
duction (Eg. 17) around (u%, z*) takes the form

7 =[9(2) = 9(z*)]u, + 9(z*)(u, —u3).  (19)

Equations 18 and 19 can be considered as particular cases of
the more general structure

o= +y(p)T, (20)

where u stands for the control, and u(t), y(p) are positive
functions. For the cases under consideration, these are
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Type lo(t)=1  y(p)=1

Type 2 v(t)=u, y(p)=9(z").
The following assumptions are imposed on the class of dis-
tributed process systems (in short DPS class) described by
Eq. 11 with boundary (Egs. 12-14) and production of the
form in Eq. 20:

Assumption 1. There exists a finite domain, V5, which we
will refer to as the domain of dissipation, where the following
inequality holds

N<X, X>q + <A T>qy 20,

with <.,. > defined as in Eg. 2 and n being a positive
constant. Physically, this condition presumes the existence of
a universe divided into portions where fluxes compensate for
the rate of production. Such a description is consistent with
the thermodynamic universe in the sense that properties re-
main bounded. This is shown in the next section by using a
convex extension b derived from thermodynamic arguments
and summarized in the Appendix.

Assumption 2. Let (A*, J*) be an arbitrary reference,
then every pair (X, J) satisfies

(X = X¥),(J= %) > 4 2 < (X = X¥), (X = X¥)> 4.
(21)

This condition formalizes a well-known phenomenon: an in-
crease in the thermodynamic forces is compensated by an in-
crease in the thermodynamic fluxes. The validity of this as-
sumption is evident in the so-called linear branch (deGroot
and Mazur, 1962) where L, although possibly a function of
the position, is independent of the field. In this context, con-
stant n in inequality 21 can be defined as

n<mininf{A,(L)},

where A; represents the i eigenvalue of matrix L.

Function g(z) in Eqg. 16 or Eq. 17 is assumed to be Lip-
schitz continuous, as it is standard in the theory of parabolic
operators (Smoller, 1983). This condition is written as fol-
lows.

Assumption 3. Consider some reference z* and a set Z*
={z/|z— z*| < c}, with ¢ being constant. Then, there exist
positive constants k, and k, such that for any z € Z*

— k(A= AT (A= A") <[9(2)~ 9(z)] (A~ A") <
—ky(A— A*)T(A— A*). (22)

Note that this assumption (Eg. 22) can also be written as

<(A=A) (9= %) >y = — K< (A= A*) (A= A)> o,

(23)

with constant K defined as K = sup«, supz«(ky, kj).
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Passivity Conditions

This section contains the main result of the article, namely
the conditions under which the class of distributed process
systems described earlier become passive, that is, satisfy an
inequality of the form of Eq. 1. In order to provide a rigorous
justification, we present some previous results regarding
bounding properties of the field and the role played by the
spatial domain on the dynamics of the field.

Lemma 1. The field Z is bounded in the dissipation do-
main V, that is, z€ L2 (V).

Proof. Using b as defined in the Appendix, we have that
b,=- ATTZt, since z* was chosen stationary. Substituting Eq.
11 in this expression, we get

b=ATV(V2)+ ATVI- ATs.

Integrating over ¥V, and using B= /5, = b(z,z*) dV, we
obtain

_ _ dA I
Bt=<A,V(°\?z)>VD+<A,~qm>%—<x,J>,vD
—<AT>q,

Bts—f(Bvand(B—n< X X>q —<AT>q, (24)

where the following relations have been used

> g, =

_ 3. (ab\ a(vZ)
<A,V(vz)>,vD——<kZl(E) I,

- f(Bvand ® (25)

— - _ dA S
SAVI> g, = <A > g <X I>g, <

-n< )?,)?>=VD. (26)

Note that in deriving Eq. 26 use has been made of boundary
conditions (Eq. 14) and inequality 15. From Eqs. 7 and 8, and
the fact that z=z* on T;, b=0 at the input convective
boundary. Consequently, the righthand side term in Eq. 25 is
negative. From Assumption 1 we then conclude that B, <0
and B(t) < B(t =0). This, together with the properties for b
and the compactness of the domain V5 implies z € L2 (V)
(that is, the field is bounded).

Lemma 2. For V C %V, the DPS class accepts an evolu-
tion inequality of the form

Bls—,u,ln<PT,A_>ev—<pT,5'>*vv (27)

where p, is a positive parameter that depends on the size of
the domain |V |. In fact, u, increases as the size of the
domain decreases.
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Proof. From inequality 24 and the negative condition in
Eq. 25, we have that

_dA

Btsn<A,m>@—n<)?,)?>,v —<AT>4. (28)

Since ¥V CVy, 7€ LA(V) (Lemma 1) and therefore A ac-
cepts an orthogonal series expansion of the form

A=Y cioj, (29)
j=1

where each ¢; satisfies the following equations

- A(Pj = M ®; (30)

<@, ¢ >5 =38 (31)

with §;; the Kronecker delta. Parameters y; are called the
eigenvalues associated to eigenfunctions ¢; and are ordered
as u; < y; for any i<j. Using Eqg. 29 and Green’s formula,
we get

- - _ _ dA
~q<X,X>,V=—n<A,AA>,V+n<A,E>$ (32)

<AAA> , <— <A A>,. (33)

These relations are also known as Poincaré inequalities
(Smoller, 1983). Substituting Eqg. 33 in Eq. 32, we obtain

_ dA _ _
n< A,Lm>$—n<x,x>vS—W,<A,A>.v,

which combined with Eq. 28 leads to the desired inequality
Bi<—un<AA>, —<AT>.
For boundary conditions of the form

dA i
Tan — ¢
where « is a positive constant, the parameter w, is known to
depend continuously on the size of the domain |V |. In fact,
W, increases as the size of the domain decreases (Courant
and Hilbert, 1937). It turns out that this is also the case for
boundary conditions of the form in Eq. 14 provided that in-
equality 15 holds. This we show by comparing w, with the
principal eigenvalue of the auxiliary system

—A¢i= i (34)
dey
Mgy T T ¥ (35)
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where both Eqg. 34 and Eq. 35 are defined on the domain
(¥, ®). First note that w, in Eqg. 30 is the extrema (maxi-
mum) of the functional

<Vo, Vo> — <¢,n (dg/dn) > g
Q(e) = -t (36)

subject to the conditions in Eg. 31 (Courant and Hilbert,
1937). Using Egs. 14 and 15, we have that

_ dA _
<A,nm>®s—h(1+k2)< AA> B

Since A can be expanded in the form of Eq. 29, we also have
that

de
<¢>,na>$s—h(1+k2)<¢,¢>>&.

Substituting this inequality in Eq. 36, we obtain

<Vo,Vo>4 +h(l+k)) <, 0> g

Ql¢) = <o 0>

The righthand term in the previous inequality achieves a
maximum for ¢’ satisfying Egs. 34 and 35, with a = h(1+ k).
Thus u, > u; and the result follows since w; in Egs. 34 and
35 increases as the size decreases.

Inequality 27 in Lemma 2 has an immediate physical inter-
pretation: the evolution of the field around the reference will
depend on the net effect of two opposite contributions we
refer to as dissipative and nondissipative effects. The first
term on the righthand side collects all sources of dissipation
due to fluxes in the system and promotes, with its negative
sign, the decrease of the instant value of B. The second term
includes production and contributes, with its positive sign, to
the increase in the instant value of B. To clarify this point,
let us consider an open-loop experiment with constant in-
puts. Under such a condition, t=0 and Eq. 20 reduces to
o = gu(t). By Assumption 3, inequality 22, we have that

with « chosen as the minimum over all possible values of k,
in the domain. Since B defines a distance for the states from
their reference (see the Appendix), when dissipation predom-
inates over nondissipative effects, the righthand side of the
inequality becomes negative and the states evolve closer to
the reference, thus precluding stability. On the other hand,
instability phenomena can emerge when the sign condition is
not met. In this context, controllers may be envisioned as de-
vices that cooperate with fluxes to enhance dissipation and
thus promote convergence of the states. As we will see, pas-
sivity makes such cooperation possible.
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Proposition 1. For any bounded input, there exists a size
|V | < V5l which makes the DPS class passive. Such a
domain is referred to as the passive domain.

Proof. Using Lemma 2, inequality 27 and Eq. 20, we have

Bi<—um<AA>, —<AGT>, (37)
<AT>4=0(t)<A §>4 + <A y(p)U>«. (38)

From Assumption 3,

<A o =>2—K<A A>,. (39)

Combining Eqs. 37 to 39, and defining ¢ = —y(p)u as the
control input, we obtain

—<AT>o <Ku(t)<A A>4 + <A $>q
Bi<—(mn—Ko) <A A>4 + <A >4, (40)

where w, is a continuous function of the size of the spatial
domain that increases as the size of the domain decreases
(Lemma 2). Consequently, for v bounded, we can always find
a domain with size | ¥ | such that u,(|V |)n— Kv> 0. This
is obviously satisfied for Type 1 systems. Type 2 systems also
satisfy this condition, provided that the input u, is bounded.
For this domain, we integrate Eq. 40 in time, so that

B(t+7)-B()< [ <A >y ds. (41)

Since B is bounded from below (see the Appendix), it is an
appropriate storage, and the result follows by comparing Eq.
41 and Eq. 1 with y= A and w = ¢.

Passive Control Design

Two main consequences for control design emerge from
Proposition 1: by properly choosing inputs and outputs in Eq.
41, the states can be made to converge exponentially fast to-
ward their reference. Passivity also allows the design of ob-
servers capable of reconstructing the infinite dimensional
state at arbitrary precision from a limited number of mea-
surements. These two properties will lead to efficient control
schemes that, with very limited information about the system,
will preserve stability for a wide range of conditions. A for-
mal discussion of these consequences is given next.

Exponential stabilization of distributed process systems

Consequence 1. The passive DPS-class is exponentially
stable for inputs such that

<A ¢>4 <0. (42)

Proof.
have that

From the differential inequality 40 and Eq. 42, we

B,<—0<A A>,),
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with 6 = u,m — Ko > 0 (Proposition 1). From result 3 in The-
orem Al (Appendix),

<A A>, =8B

B, < — 6BB.

From Gronwall-Bellman Lemma (Slotine and Li, 1991), B(t)
< B(0) exp(— 6Bt), and the result follows, that is, | z| — 0 at
exponential rate.

Parameter 6 contains extremely useful information to be
considered in guiding process design decisions. Parameters n
and K are the system’s parameters that will tell us how fast
heat or chemical species diffuse through the domain, and the
rate of property production (heat produced or chemicals for-
mation). These properties can also be affected by the
field—equivalently, by its intensive counterparts (tempera-
ture, concentrations, etc.)—thus determining the range of
operation. On the other hand, parameters w, and v depend
on design considerations such as the volume of the process
(or, in a more general context, the size of the domain) or the
maximum allowed input (in Type 2 systems v = u,). In order
to construct a stable, easily controllable plant, design deci-
sions should be taken such that # remains positive. Of course,
this condition must also be confronted with economic objec-
tives as well.

Since ¢ = 0 satisfies inequality 42, the passive DPS-class is
open-loop stable. Note also that for systems of Type 2 with
u, =0, =0, the preceding result holds trivially for any do-
main V. In other words, any domain is a domain of dissipa-
tion. This result coincides with what Ydstie and Alonso (1997)
define as purely dissipative systems. Inequality 42 may also
include as inputs linear and /or nonlinear maps ¢( A) or ¢(¥),
where ¥ = [, A dV is directly related to the mass and en-
ergy inventories in the domain. Their convergence properties
are stated in the following two results:

Consequence 2. If maps of the form 3C: A — ¢ exist such
that

<A P>y <—a<AA>,+<A P>, (43)

for some « >0, then passivity is preserved for any spatial
domain.

Proof. Using Proposition 1 and substituting Eq. 43 on the
righthand side of the passivity inequality 41, we obtain

B(t+7)— B(t) <

t+7 _ = ~ T
—ft [(Mln—Ku+a)<A,A>=v —<Ad >v]ds.

Choosing « > Ko — u;7, the inequality becomes

t _
TR E > ds

B(t+7)-B(1)=< [

and the result follows.
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This result can be linked to the notion of stabilization by
high gain control. 3¢ maps can be easily constructed for
well-mixed processes where A and ¢ take uniform values
(values independent of the spatial position). In this case, the
input can be constructed as

F=—ah+ .

Note that, according to Consequence 1, the existence of these
maps ensures exponential stability under inputs satisfying Eq.
42. In distributed systems these maps usually involve combi-
nations of different types of inputs. For instance, 3C maps
can be constructed as the combination of different sources of
heating /cooling devices. When complete mixing does not ex-
ist, it is still possible to stabilize the process for spatial do-
mains smaller than the domain of dissipation. Performance
can then be improved through inventory control as shown
next.

Consequence 3. Let ¢ in Eq. 41—equivalently, ¢’ in Eq.
43—nbe uniform inputs (that is, independent of position), and
define a map (control law) 9: § — ¢ such that

y=| AdV
=,
<A > <—ayy,

then || —0and |Z| — 0 at an exponential rate.
Proof. From Proposition 1—inequality 40, or Conse-
guence 2—inequality 43, we have, after applying map 9, that

B,<—0<A A>, —a'yly,

with 6 = u;n— Kv+ a > 0and « > 0. Since the second term
on the righthand side is negative,

B,<—0<A A>,,

and the result follows as in Consequence 1.

Note that for inputs of the form ¢ = —y(p)u(t), Conse-
quence 3 applies by redefining y as y = [, y(p) AdV . This
result demonstrates feedback stabilization of the field by fi-
nite dimensional controllers requiring inventories related to
mass and energy as measurements. However, a question of
obvious practical interest remains: How to reconstruct the in-
ventory y from the measurements available (usually taken at
a finite number of positions on the boundary)? An answer to
this question is proposed next for linear parabolic operators,
based on their time-scale separation property (Chen and
Chang, 1992).

State reconstruction through passive observers
Let us assume that fluxes J are linear and rewrite Eq. 11
as

Z,=— £(2)+a(z,u; z*,u*). (44)

AIChE Journal

In addition let us consider a general dummy linear system of
the form:

Z,=— £(2)+ KuiZ+y(p)T, (45)

where v, y(p) and K are defined as in Eqgs. 20 and 23, re-
spectively.

Here V € V¥, so that Lemma 1 applies and z and 7 are
bounded functions accepting an orthogonal series expansion
of the form given in the proof of Lemma 2 for its dual A—Eq.
29. In the light of this argument, we multiply both sides of
Egs. 44 and 45 by eigenfunctions ¢, for j=1,...,n, and inte-
grate on the domain V to obtain a set of ordinary differen-
tial equations

c=—-Ac+uvF+1UG (46)
€=~ AT+ KuIS+ TG, (47)

which capture the slowest n-dimensional dynamics of the
original PDE systems (Egs. 44 and 45, respectively) (Chen
and Chang, 1992). For diffusive processes A = diag( ;). The
terms F, G € R" are of the form

F=[...,<<pj,g>,\,,...]T
Gz["'l <¢jry(p)>’\7'"']-r'

In addition, let us consider an m-dimensional vector ¢ of
measurements taken at particular locations p; (i=1,...,m)
and its corresponding estimation vector ¢. Both measure-
ments and states are related by Eq. 29, which in its truncated
form leads to

glz Z 6]901'( P1)

j=1

gm: Z E:\]gpj(pm)

j=1

Systems of the form of Eqs. 46 and 47 are observable with
respect to outputs ¢, at least when measurements are taken
at the boundary (Waldorff et al., 1998). Thus, if the true plant
were linear, a Luemberger observer could be used to recon-
struct at exponential rate the state of the system (Kailath,
1980). In our case, the observer would be of the form

C=— AT+ KuIC+TG + w( & - £), (48)

with @ € R"™*™ being a gain matrix to be chosen later on.
The same could be said for a nonlinear system of the form of
Eq. 46, were the nonlinear terms precisely known. When the
plant is neither linear nor completely known, Eq. 48 can still
provide estimates that will make Z converge asymptotically to
the true state Z, at least in the time scale of the slow dynam-
ics. As we show next, such a remarkable property is a conse-
quence of the system being passive.
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Proposition 2. Let Proposition 1 holds and u be linear
piecewise constant on each interval [t;, t;+T] for t;, T >0,
then the error e = ¢ — € satisfies

At
lel < Ie(O)Iexp(—?)+ M(t;7, A),

where 7=(u, — Kv)™%, A is an arbitrarily selected constant
and lim_, (M(t; 7, A)=0.

Consequently, €— ¢ asymptotically.

Proof. Let us first rewrite Eq. 48 as

€= AT+ KuIE+ TG + wll(c —T),

(49)

with II being

1‘[:[7-,1 i 71'm]T

Wiz[(Pl(pi)v"'v¢j(pi)""l¢n(pi)]'
Combining Egs. 46 and 49, we get

e=—(A—Kvol)e+ vF — Kuvlc— wlle.

Note that since the system is observable, w can be selected
so that A — Kul + oIl = A, for A being an arbitrary matrix.
In particular, we can choose A to be a positive-definite ma-
trix with A being its smallest eigenvalue. Let us now define a
function W =1/2e'e. Differentiating W with respect to time
and combining it with the previous equation, we obtain

dw
— =—¢e"Ae + e (vF — Kolc).

pm (50)

The second term on the righthand side can be bounded as

e"(vF—alc)<mlel| |g—az|dV, 51
( y<miel[ 19 (51)

where m is a positive constant. Since the system is passive
and u is piecewise constant on intervals [t;, t;+T], G=0 on
each interval and the field evolves so that |z| < |2z(0)|
exp(— t/r) for some positive constant 7~ > 0 (Consequence
1). Combining this bound with inequality 51 leads to

eT (vF —alc) < hyW exp(— t/7)

for some positive constant h. Introducing this bound in in-
equality 50, we get

dw
R\ hvW exp (— t/r).

Using transformations w =W and r =w exp (At/2), the ex-
plicit solution for the previous inequality is derived as follows

1600 August 2000

1. Differentiate w to obtain

dw A h
— W< - .
a Tav=3 exp(—t/r)

2. Premultiply both sides of the inequality by exp (At/2)
and use transformation r =w exp (At/2) so that

dr h Al
ESEEXD (E—;)t .

3. Integrate in time both sides of the inequality, to obtain
h Al
w(t)exp(At/z)—w(O)s—fexp (———)s ds
27 2 T
t 0 A2y [t M2 2)e]d
w(t) <w(0)exp(— At/ )+§foexp —7+(E—;)s s.
Since w= | e, we then have

At
lel < |e(0)|exp(—7)+M(t;r,/\)

h At
M(t;7, A) =m[exp(— t/r)—exp(— ?”

Consequently, T — ¢ asymptotically.

According to this result, the field Z can be reconstructed at
arbitrary precision from measurements at the boundary. Pre-
cision is determined by the dimension of the observer (Eq.
49), which captures the low-dimensional dynamics. The re-
construction then proceeds by combining the estimates € with
the corresponding eigenfunctions, so that

(p.t)= X #(p)T;. (52)
j=1

Some lllustrative Examples

The results and discussion presented in the last section
suggest a general control structure for distributed process
systems, as depicted in Figure 1. Controllers 7 ( A), satisfying

CONTROLLER
g BOUNDARYJ* G, ‘
PLANT y 7
E »
I
INVENTORY|, ¢ | 7 [ —— OBSERVER
CONTROL

Figure 1. Proposed control structure.

For illustration purposes, the system has been split into
boundary and plant.
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inequalities 15, would operate on the boundary in response
to changes of the state around some preselected setpoint. Al-
ternatively, = could be kept at its reference 7* by cascading
a controller on the external manipulated variable 3. Such
alternative, represented in Figure 1 will be discussed in more
detail in the microwave thermal processing example below.
In order to implement the passive control designs discussed
in the previous section, conditions must be found so that
Proposition 1 holds. For systems of Type 1, such as tubular
chemical reactors, passivity constrains the domain of reac-
tion and operating conditions to those that make the term
©(1 ¥ ) — K positive. Since from Lemma 2 the principal
eigenvalue w, is a decreasing function of the volume of the
domain, a critical size can always be found for a given diffu-
sivity and kinetics. For Type 2 systems, an upper bound on u,
can also be employed as an additional parameter to preserve
passivity.

The appropriate stabilizing control law will be selected in
accordance with Consequence 1 among those satisfying in-
equality 42. In the event of perfect mixing in some direction
(such as Type 1 systems), maps of the form given in Conse-
guence 2 can be constructed to ensure passivity and exponen-
tial stabilization for any spatial domain. Alternatively, inven-
tory control could be employed on the passive domain, as
proposed in Consequence 3. The field z, or its dual A, re-
quired by these control maps is reconstructed from passive
observers of the form of Eq. 48. Next, these ideas are illus-
trated on the basis of two examples representative of the class
of systems considered.

Passivity and exponential stabilization in tubular reactors

The control problem reduces to finding appropriate (pas-
sive) maps, as shown in Consequence 1, between the manipu-
lated variable T and the field Z or its dual A. Two ways of
constructing such functions are possible: the hardware and
the software approach. In the first case, feedback control re-
sults from process systems interconnections; in the second
case, a computing device is employed to build up the re-
quired feedback. A crucial aspect to be considered in the
software approach is to decide where to measure and where
to act. In some case, the whole infinite dimensional state
should be available that implies the search for method of state
reconstruction on the basis of a finite number of measure-
ments, such as those proposed in the previous section. Most
practical control designs for process systems share both hard-
ware and software approaches.

A common example of the hardware approach can be found
in tubular reactors. In this case, the feedback function is con-
structed by adding a heating/cooling device (heat exchanger)
with enough heat transfer area (see Figure 2a). This intercon-
nection provides a control of the form U, = — Ua, Z, where U
is the heat-transfer coefficient and a, the heat-transfer
area-volume ratio. The duality between A and Z allows us to
write an equivalent feedback function T, = U’a, A, where U’
in this representation is still positive. Since for Type 1 sys-
tems ¢ = — T,, the resulting map satisfies inequality 43 with
a=U'a, and ¢’ =0 (Consequence 2). Substitution of this
expression in Eq. 40 results in an inequality of the form

Bi<—(mmn+VU'a, —K)BB,
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Figure 2. Passivity in tubular reactors.

(a) Tubular reactor with a heat exchanger; (b) principal
eigenvalue for different heat-transfer parameters and do-
mains. Continuous lines represent places where the princi-
pal eigenvalue is constant. Dotted straight line illustrates the
asymptotic behavior of the principal eigenvalue, for a con-
stant size, as the heat transfer coefficient increases.

where B is defined as in the Appendix (Theorem Al). Note
that, at least at the design level, it is always possible to choose
U’a, large enough so that u,n+U’a, — K > 0 for any given
size and rate of heat produced (bounded by constant K). In
this way, mixing in the radial direction allows the arbitrary
selection of the rate of convergence by high gain control
(heat-transfer area and/or heat transfer coefficient) as shown
in Consequences 1 and 2. The field will converge in the norm
defined by B as

B(t) < B(0)exp ( - ;)

with 771 =(u,m +U’a— K)B. Such a condition is fundamen-
tal for designing stabilizing controllers in distributed systems.
Note that in the case discussed, the setpoint would corre-
spond to the temperature of the cooling stream, which could
be selected by cascading an external controller acting on in-
put flow or input temperature, for instance.

In practice, some energy/mol number distribution on the
radial direction always exists. This weakens the mixing condi-
tion and prevents the use of arbitrarily high gains. To illus-
trate this point, let us consider a flow system with axial and
radial energy dispersion, such as a chemical reactor where an
exothermic reaction is taking place. Using the standard sim-
plifications, temperature distribution inside the reactor fol-
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lows an equation of the form

10 ( oT
+——|r—
r oar ar

where v and « are appropriate dimensionless parameters and
g, the generation term in deviation form with respect to a
stationary reference. As shown in Figure 2a, the temperature
of the system is controlled with an external cooling jacket.
This heat exchanger behaves as a proportional controller act-
ing on the energy flow (or equivalently, temperature) through
the wall, in response to changes in the temperature differ-
ence between the outer and inner medium. Mathematically,
this can be represented as

ar UaT
Er = —Ual.

-R

9°T
J9z°

T T
——v—+a

— + (T, T%),
at 9z i )

Boundary conditions at the input and output are assumed to
be of the form

T,_,=0

dT .
dn Z:L_ '

The principal eigenvalue (u,) of the Laplacian operator
for this case can be computed from Egs. 34 and 35 with the
corresponding boundary conditions (Egs. 53—55). The values
of u, for different heat-transfer coefficients Ua,, and reactor
sizes are plotted in Figure 2b. As can be seen from the fig-
ure, for any given reactor size there exists a finite limiting
value p* =limy, _.p,. Thus, passivity is restricted (see
Proposition 1) to reactors with a size satisfying u* > K/m
being this limit independent of the gain Ua,,.

€

(55)

Microwave thermal processing

As mentioned previously, microwave thermal processing is
an interesting representative of Type 2 systems. In this way, it
will be used to illustrate the control design methodology and
performance. This process is presented in Figure 3a. Model
and parameters have been taken from Ayappa et al. (1991).
The material to be processed is modeled as a solid slab of 1
cm thickness with constant thermal diffusivity (the parame-
ters used in the model are summarized in Table 1). Tempera-
ture distribution in the slab follows a Fourier-type equation
with a generation term of the form

T °T TP
—=a——+9(T, )P,
ot = Y2 TIT0Py

(56)
where P,, represents the incident microwave power supplied
by the magnetron (0 <P, <25 W-cm~2) and g(T, x) is a
nonlinear function describing that part of the power ab-
sorbed by the material. This term has been modeled by as-
suming temperature-dependent dielectric properties. Its ex-

1602 August 2000

K Microwaves I
X
Ts
x=L
slab
x=0 /
(a)
3e-3
3e-3 |
2e-3 |
> 2e-3
1e-3 |
5e-4 ]
o : : . .
0.0 0.2 0.4 06 0.8 1.0
Position, cm
(b)

Figure 3. Control design in microwave processing.

(a) Microwave processing unit; (b) Values of supzx(ky, k).
(See inequalities 22 and 23 for different positions in the slab.

plicit form is (Ayyapa et al., 1991)

af
(T, X) = k' (T) - exp [ ~28(T) 5]

PLp
k// 2
k' 1+{—| -1

2

2nf
B(T)= -

Note that, according to these relations, the power absorbed
by the product increases with temperature. Such a phe-
nomenon is, in some instances, responsible of temperature

Table 1. Thermoelectric Properties for the Microwave
Processing Model

900 MHz

3x10° m-s~*

8.85x 10712 farad-m~*!
82.23—0.1059 T

236.85—1.527T +2.7277 X107 3T?
045W-m~1K™?

2W-m2.K?!

800 kg+-m~3

2,850 J-kg~t-K~?

f (frequency of incident radiation)
c (speed of light)

€, (free-space permittivity)

k' (relative dielectric constant)

k" (relative dielectric loss)

7 (thermal conductivity)

h (heat-transfer coefficient)

p (density)

C, (specific heat capacity)
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runaway [see, for instance, Fukushima et al. (1990)]. Other
effects associated with the interaction of the electromagnetic
field with matter include edge overheating or uneven heating
(cold spots), thus limiting the range of application of this
technology.

In addition, the following mixed-order boundary conditions
(in agreement with physical considerations) are imposed on
our system

T(1,0)=T° (57)

dT h s
(E)X=L=_;[T(t’L)_T 1, (58)

with T® being the oven temperature in the range 298 K <
T® < 373 K. The heat-transfer coefficient h and diffusivity n
are summarized in Table 1. From the arguments in Proposi-
tion 1 it follows that this system is passive with respect to a
temperature reference T*(x), satisfying

82T*

a7 +g(T*, x)P¥ =0,

provided that

m(L)a
P, < g , (59)
K
where (L) refers to the principal eigenvalue of the Lapla-
cian and K is chosen so that for T € Z*, with

Z*={T/IT - T*| <80°C}.

K =supjy jsupz+ (kq, k,) (see inequalities 22 and 23). A plot
of K. =Supz«(ky, k,) for different positions in the slab is
depicted in Figure 3b.

The control objective we choose consists of heating the
material as uniformly as possible in spite of uncertainty in
the material properties or initial temperature distribution, by
acting on two possible manipulated variables: oven tempera-
ture T° and power supply P,. Other quality-type objectives
could also be considered, such as minimizing vitamin degra-
dation while achieving an acceptable C-value in the case of
foods (Ohlsson, 1988), or the like in materials processing.

The control structure corresponds to that presented in Fig-
ure 1. Measurements are taken at the surface of the material
(a low-cost infrared sensor can be used for that purpose)
where second-order boundary conditions, Eq. 58, hold. State
reconstruction is accomplished by a reduced-order observer
of the form of Eq. 48. Note that we only allow a limited
knowledge of Eq. 17. This consideration makes the control
problem realistic, since from a practical point of view the
nonlinear dependence of g with temperature is highly de-
pendent on the material to be processed. On the other hand,
its experimental determination is often a very time-consum-
ing activity.

For this case, proportional and integral action were chosen
for the control maps 9 = s(7) and Pw = ¢(y). The first con-
troller operates on the surrounding temperature, while the

AIChE Journal

Table 2. Different Control Parameters Employed in
Experiments Depicted in Figures 4 and Figures 5.

T K, Ap Kt Tr Ay
Figure 4 110 14.6 20 1 90 400
Figure 5 110 14.6 80 1 90 450

Subscripts p and T refer to power and surrounding temperature control,
respectively.

second one keeps the energy inventory under control. In
agreement with Consequence 3, such a controller will ensure
exponential stabilization of the internal temperature distribu-
tion. The tuning of the different controllers is carried out on
the internal model control framework (Morari and Zafiriou,
1989) under the assumption of first-order input—output rela-
tionships. Control design is completed with low-pass filters of
the form f(s)=1/As+1). The resulting controllers in veloc-
ity form become

-

Pk-l—pk-14 P (e'g—e,‘j’l)+ > ek
kpAp kpAp
Tr T

Fk=9k 14 eX —ek=1)+ ——eK,
kT/\T( ) kA P

where ef and ef are the errors in inventory and surrounding
temperature, respectively, at instant k. A sampling time T, =
20 s was used in all the simulation experiments. The parame-
ters and filter constants employed are summarized in Table
2. The inventory y was estimated through the observer (Eq.
48) and the integral form of Eq. 52, with measurements taken
at x= L. The observer gain was chosen on the basis of a
predefined convergence rate, its values being

®=(5.0,0.2,0.1,0.05,0.02)".

Results on temperature evolution as well as movements of
the manipulated variables are presented in Figures 4 and 5
for different filter constants. In Figure 4, the estimated in-
ventory vy is also represented together with that of the plant,
showing very good agreement. Figures 6 represents the evo-
lution of temperature distribution in the product in deviation
form with respect to the chosen reference, demonstrating that
the uniformity requirement was met in accordance with theo-
retical results.

Conclusions

In this work, passive control design was demonstrated for a
general class of nonlinear distributed systems, representative
of relevant operations in chemical and processing technology.
Passivity conditions were established on the basis of a re-
duced number of design parameters associated with the vol-
ume of the domain and the rates of transfer and production.
These conditions suggested a number of simple control struc-
tures that, with very little information about the system, were
shown to ensure exponential convergence of the complete
field to its prespecified reference. Accurate reconstruction of
the field from a limited number of measurements was also
linked to the notion of passivity and demonstrated both at
theoretical and application levels.
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Appendix

The definition and properties of the storage employed are
presented next.

Lemma Al. Let h(x) be a concave function with x € R".
Then, for any pair of vectors x, and x,, we have that

h(xz) < h(x)) +(d,h), (X2 = x;).

Proof. The result follows from concavity of h by con-
structing a bounding hyperplane (righthand side of the in-
equality) tangent to h at x;.

Theorem Al. Let s(z) be strictly concave, A = 4,s,
b(z;z*)= AT*(z— z*)—(s—s*) and B = [, bd¥, then

1. b is a nonnegative, strictly convex, and reaches its mini-
mum at z=z*;

2. There exists a negative-definite matrix Q such that

A—A*=Q(z—-17%);
3. There exists a positive constant B such that
B(z,z¥)<B 1< (A— A*),(A— A*)> .

Proof. That b is nonnegative follows from its definition
and Lemma A1 by choosing h(x) = s(z), x, = z, and x, = z*.
To show convexity, differentiate b with respect to z, so that

db=—(AT=AT*) g, b=—3d,AT,

since s is strictly concave dy2,8= 0, AT <0, and therefore
d,,2,b > 0 (strictly convex). Moreover b(z*; z*) = 0 so that the
function reaches the minimum at z = z*.

To prove result 2, we use Lemma Al with h=—b, x, = z,
and x, =z’ to obtain the following inequality

b(z)=b(Z)— (AT (Z)— AT™*)(z—- 7).

The inequality is valid for every z and z'. Since for z = z*,
b(z*)=0, it follows that
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b(z)<—[AT(2)~ AT(z)](z~-2%). (A1)

Using Newton’s theorem of vectorial fields (Dennis and
Schnabel, 1983), we have

A(z)— A(Z*) = [fOlM(ere(z— 7)) de |(z - 7%),

where M=4,,s, € € [0, 1] and the integration is carried
out elementwise. Since s is concave, M is negative definite
and the result follows by defining a matrix Q such that

_Q=f1M[z+e(z—z*)]dezM>0 (A2)
0

A(2)— A(z*)=Q(z—z*).

Result 3 derives from result 2 and inequality Al by choosing
B’ as the smallest eigenvalue of matrix M and defining B!
=sup, (B’ 1) so that

b<(AT— A*T)Q Y(A- A*)< B 'ATA

and the inequality follows by integration on V.
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